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Abstract

A couple of generalizations of matrix Krylov subspace methods to
tensors are presented. It is shown that a particular variant can be
interpreted as a Krylov factorization of the tensor. A generalization to
tensors of the Krylov-Schur method for computing matrix eigenvalues
is proposed. The methods are intended for the computation of low-
rank approximations of large and sparse tensors. A few numerical
experiments are reported.

1 Introduction

Large-scale problems in engineering and science often require solution of
sparse linear algebra problems, such as systems of equations, and eigenvalue
problems. Since the 1950’s Krylov subspace methods have become the main
class of algorithms for solving iteratively large and sparse matrix problems.
Given a square matrix A € R™*™ and starting vector u; € R™ the Krylov
subspace based on A and u; is given by

Ki(A,u1) = spanf{uy, Auy, A%uq, ..., A Ty} (1)

In floating point arithmetic the vectors in (1) are useless unless they are
orthonormalized. Applying Gram-Schmidt orthogonalization one obtains
the Arnoldi process, which, in exact arithmetic, generates an orthonormal
basis for the Krylov subspace Ki(A,u1). In addition, the Arnoldi process
generates the factorization

AUy = Upyr Hy, (2)

where U = (uy ... ug), Ugr1 = (U ugs1) with orthonormal columns, and
Hj. is an Hessenberg matrix with the orthonormalization coefficients. Based
on the factorization (2) one can compute an approximation of the solution



of a linear system or an eigenvalue problem by projecting onto the space
spanned by the columns of Uy, where k is much smaller than the dimension
of A; on that subspace the operator A is represented by the small matrix i k-
This approach is particularly useful for large, and sparse problems, since it
uses the matrix A in matrix-vector multiplications only.

Projection to a low-dimensional subspace is a common technique in many
areas of information science. Often in such applications large and sparse
tensors occur, see e.g. the series of papers by Bader, Kolda, et al. [1, 4, 5,
8, 13, 14, 15]. The following question arises naturally:

Can Krylov methods be generalized to tensors, to be used for
projection to low-dimensional subspaces?

We answer this question in the affirmative, and describe several alternative
ways one can implement Krylov subspace methods for tensors. Our method
is inspired by Golub-Kahan bidiagonalization [10], and the Arnoldi method,
see e.g. [19, p. 303]. In the bidiagonalization procedure two sequences of
orthogonal vectors are generated; for a tensor of order three, our procedure
generates three sequences of orthogonal vectors. Unlike the matrix case, it
turns out to be necessary to perform Arnoldi style orthogonalization of the
generated vectors explicitly. For matrices, once an initial vector has been
selected, the whole sequence is determined uniquely. For tensors, there are
many ways in which the vectors can be generated, and we describe a few
alternatives.

Restarted Arnoldi methods [16, 18] and a variant called the Krylov-Schur
method [19, 20] are used for computing eigenvalues of large sparse matrices.
We sketch a generalization of the Krylov-Schur procedure to tensors.

The aim of this paper is not to give a comprehensive theory for tensor
Krylov methods, but rather to present some concepts that we believe are
new and potentially important, and to perform a preliminary exploration of
those concepts.

The paper is organized as follows. The necessary tensor concepts are
introduced in Section 2. The Arnoldi and Golub-Kahan procedures are
sketched in Section 3. In Section 4 we describe three variants of Krylov
methods for tensors, and in Section 5 we propose a generalization of the
Krylov-Schur method. Numerical examples are given in Section 6.

2 Tensor Concepts

2.1 Notation and preliminaries.

Tensors will be denoted by calligraphic letters, e.g A, B, matrices by capital
roman letters and vectors by small roman letters. In order not to burden the
presentation with too much detail, we sometimes will not explicitly mention
the dimensions of matrices and tensors, and assume that they are such that



the operations are well-defined. The whole presentation will be in terms of
tensors of order three (3-tensors). The generalization to order-N tensors is
obvious.

Let A denote a tensor in R/*X*L We will use the term tensor in a
restricted sense, i.e. as a 3-dimensional array of real numbers, equipped
with some algebraic structures to de defined. The different “dimensions” of
the tensor are referred to as modes. We will use both standard subscripts
and “MATLAB-like” notation: a particular tensor element will be denoted
in two equivalent ways:

A(Zv jv k) = Qjjk-

We will refer to subtensors in the following way. A subtensor obtained by
fixing one of the indices is called a slice, e.g.,

A,z 0).

Such a slice is usually considered as a 3-order tensor.
A fibre is a subtensor, where all indices but one are fixed,

A(i, k).

It is customary in numerical linear algebra to write out column vectors
with the elements on top of each other, and row vectors with the elements
after each other on a line. This becomes inconvenient when we are dealing
with more than two modes. Therefore we will allow ourselves to write all
vectors organized vertically. It will be clear from the context which mode
the vectors belong to.

2.2 Tensor-Matrix Multiplication

We define mode-p multiplication of a tensor by a matriz as follows. For
concreteness we first let p = 1. The mode-1 product of a tensor A € R/*KxL
by a matrix W € RM*/ is defined

J
RMXKXL 5 B — (W)l . A7 bmk’l = Z'(Um]a/]k:l (3)
j=1

This means that all column vectors (mode-1 fibres) in the 3-tensor are mul-
tiplied by the matrix W. Similarly, mode-2 multiplication by a matrix X
means that all row vectors (mode-2 fibres) are multiplied by the matrix X.
Mode-3 multiplication is analogous.

In the case when tensor-matrix multiplication is performed in all modes
in the same formula, we omit the subscripts and write

(XY, Z) - A, (4)



where the mode of each multiplication is understood from the order in which
the matrices are given.
The notation (4) was suggested by Lim [7]. An alternative notation was
earlier given in [6]. Our (W), - A is the same as A x;, W in that system.
It is convenient to introduce a separate notation for multiplication by a
transposed matrix V € R/*M:

J
RMXxKXL 5C = <VT)1 A=A (V)l , Cmkl = zjlajkwjm- (5)
=

Let u € RY be a column vector and A € R/*E*L g tensor. Then

B> R>EXL.— (uT>1-.A=-A'(u)1 =B e RV, (6)

Thus we identify a tensor with a singleton dimension with a matrix. Simi-
larly, with v € RY and w € R”, we will identify

U > REXI ::A'(u7w)1,3EU€RK’ ()

i.e., a tensor of order three with two singleton dimensions is identified with
a vector, here in mode 2.

2.3 Inner Product, Norm, and Contractions

Given two tensors A and B of the same dimensions, we define the inner
product,

<.A, B> = Z ajklbjkl. (8)

Jk,l

The corresponding tensor norm is
1A]] = (A4, A2, (9)

This Frobenius norm will be used throughout the paper. As in the matrix
case, the norm is invariant under orthogonal transformations, i.e.

IAl = I(U, V. W) - A = [|A- (U, V, W) ],

for orthogonal matrices U, V', and W. This follows immediately from the
fact that mode-p multiplication by an orthogonal matrix does not change
the Euclidean length of the mode-p fibres.

The following lemma will be needed.

Lemma 2.1. Let A € R7*EXL be given along with three matrices with
orthonormal columns, U € R7*I, V € REXk and W € REXL where j < J,
k<K, and !l < L. Then the least squares problem

min | A~ (U, V1) - §|

4



has the unique solution
S = (UT,VT,WT) A=A (UV,W).

Proof. The proof is a straightforward generalization of the corresponding
proof for matrices. Enlarge each of the matrices so that it becomes square
and orthogonal, i.e., put

~ ~ —~

U=UU)), V=(VV), W=WWw.).

Then, using the invariance of the norm under orthogonal transformations,
we get

|A = @V, W) - SI2 = | (TT, VT, W7, ) - [A= (U V, W) - ]|
= (UT VW) A= S e,
where C? consists of terms not depending on S. O

The inner product (8) can be considered as a special case of the con-
tracted product of two tensors, cf. [12, Chapter 2|, which is a tensor (outer)
product followed by a contraction along specified modes. Thus, if A and B
are 3-tensors, we define, using essentially the notation of [2],

C=(ADB),, Cikim = Y, OxjkbAIm (4-tensor)
A
D= <.A, B>1:2 , djk = Zakﬂjb)\#k7 (2—tensor),
A
e=(AB)=(ADB) 3, e = Z b (scalar).
PWINZ

It is required that contracted dimensions are equal in the two tensors. We
will refer to the first two as partial contractions.

Observe that we let the ordering of the modes in contracted tensor prod-
ucts be implicitly given in the summation. Thus with A € R7*KxL and
B e R/*MXN “we have

C = <.A,B>1 ERKXLXMXN'

In general, the modes of the product are those of the non-contracted modes
of the first argument, followed by those of the non-contracted modes of the
second argument, in their respective orders.

We will also use negative subscripts when the contraction is made in all
but a few modes. We will write

<~A7 B>2:3 = <~A7 B>—1 ’ <A7‘B>2 <~A7 B>—(1,3) :



3 Two Krylov Methods for Matrices

In this section we will describe briefly the two matrix Krylov methods that
are the starting point of our generalization to tensor Krylov methods.

3.1 The Arnoldi Procedure

The Arnoldi procedure is used to compute a low-rank approximation/factor-
ization (2) of a square, in general nonsymmetric matrix A. It requires a start-
ing vector u1, and in each step the new vector is orthogonalized against all
previous vectors using the Gram-Schmidt process. We present the Arnoldi
procedure in the style of [19, p. 303].

Arnoldi Procedure

for j=1,2,...,k do
h]' = UJTAU]
hjt1juj1 = Auj —Ujh;

~ H: 4 Iy
H: — J J
! < 0 hj+17j>

end for

The constant 11 ; is used to normalize the new vector to length 1. Note
that the matrix Hy, in the the factorization (2) is obtained by collecting the
orthonormalization coefficients h; and h;y1 ; in an upper Hessenberg matrix.

3.2 Golub-Kahan Bidiagonalization

Let A € R™*" be a matrix, and let Bui,v9 = 0, where ||u1|| = 1, be starting
vectors. The Golub-Kahan bidiagonalization procedure [10] is defined by the
following recursion.

Golub-Kahan bidiagonalization

for j=1,2,...,k do
1 QU5 = ATUj — ﬁj’l)j_l
2 Biriujn = Avj — aju;
end for

The scalars «;, 3; are chosen to normalize the generated vectors vj, u;.
Forming the matrices Uy = (uy -« ugy1) € R™X k41 and V, = (v -+ V) €
R™*k it is straightforward to show that

AVi = U1 Brr1, AUy = ViBy, (10)



where VTV, = I, U/, Uy =1, and

a1
B2 s B
Byt = _ k) e ROFD%K
5k+16k
Br kg
Br+1

is bidiagonal®.
Using tensor notation from Section 2.2, and a special case of the identi-
fication (7), we may express the two steps of the recursion as

for j=1,2,...,k do

1 ajuj = A-(uj); — Bjuj

2 ﬂj+1u]’+1 = A . (Uj)2 — Oéju]'
end for

We observe that the u; vectors “live” in the first mode (column space)
of A, and we generate the sequence uz,us, ..., by multiplication of the v;
vectors in the second mode, and vice versa.

4 Tensor Krylov Methods

4.1 A Minimal Krylov Recursion

Let A € R/*EXL be a given tensor of order three. It is now straightforward
to generalize the Golub-Kahan procedure. The mode-1 sequence of vectors
(uj) will be generated by multiplication of mode-2 and mode-3 vectors (v;)
and (w;) by the tensor, and similarly for the other sequences. The newly
generated vector is immediately orthogonalized against all the previous ones
in its mode, using the Gram-Schmidt process.

To start the recursion two vectors are needed, and we assume that wuq
and vy are given. In the algorithm description it is understood that U,_; =
(u1,ug,...,u,—1), etc. For reasons that will become clear later, we will refer
to this recursion as a minimal Krylov recursion.

Minimal Krylov recursion

iLwl = .A . (ul,vl)m
for v =2,3,...,k do
hu =A- (Ull—lavl/—lawl/—l)

Note that the two sequences of vectors become orthogonal automatically; this is re-
lated to the fact that the bidiagonalization procedure is equivalent to the Lanczos process
applied to the two symmetric matrices AAT and AT A.



iLUV =A- (Uu—l, wu—1)273 —Uy—1hy

hy=A- (uua Vi1, wu—l)

iL'UV =A- (ul/7 wu—l)l,g —Vi_ihy

hy = A« (uy, vy, Wy_1)

hw, = A - (up, )1 9 — Wy_1hy
end for 7

The constants h are used to normalize the generated vectors to length
1. Assuming the process does not break down?, i.e. we obtain a new vector
uy, which is linear combination of the vectors in Up,_1, it is straightforward
to show that the generated vectors are orthogonal: Obviously A, is a vector
in R"~!; we can write

BUJ—WV = (UJ—1)1 : [A : (v,,,l,w,,,l)m} — hu
=A-(Uy-1,vp-1,wy—1) — hy = 0.

To our knowledge there is no simple way of writing this minimal Krylov
recursion as a tensor Krylov factorization. However, having generated three
matrices Uj, Vi, and W, we can easily compute a low-rank tensor approxi-
mation of A using Lemma 2.1.

4.2 A Maximal Krylov Recursion

Note that when a new wu, is generated in the minimal Krylov procedure,
then we use the most recently computed v,_1 and w,_1. In fact, we might
choose any combination of previously computed v, and w) that have not
been used before to generate a u-vector:

Let t <v—1and A < v — 1, and consider the computation of a new
u-vector, which we may write

hy = A« (Uy—1,v,,w))
hl/u)\ul/ =A- (U,ua ’UJ)\)273 —Uy—1hy

Thus if we are prepared to use all previously computed v- and w-vectors,
then we have a much richer combinatorial structure, which we illustrate in
the following diagram. Assume that u; and vy are given. Then in the first
steps of the Krylov procedure the following vectors can be generated by
combining previous vectors.

2This may indeed happen, but can be easily fixed by taking an orthogonal vector to
the previously computed vectors.



1. {ur} x{v1} — wy
2. {Ul} X {wl} —> U
U1 V2
3. {UQ} X{U)]_} E— {US}
((w1)
w2
U1
4. {ul} X (] — w3
U w4
U3
ws
We

/

w1 (UQ)
U1

w2 us
V2 o X . —
U3
We u19
(v2)
u1 w1
(v3)
U2 w2
X — U4
U19 We
V115

Previously computed vectors are within parentheses. Of course, we can
only generate new orthogonal vectors as long as the number of vectors is
smaller than the dimension of that mode. Further, if at a certain stage in
the procedure we have generated v and p vectors in two modes, then we
can generate altogether A = v vectors in the third mode (where we do not
count the starting vector in that mode, if there was one).

The algorithm can be written (somewhat informally) as follows.

Maximal Krylov recursion

iLwl = .A (ul,vl)w
v=p=A=1

while v < vpax and g < pimax and A < Apax do

%—— u-loop —%

for all (fi, ) such that i <y and A < )\ do

if the pair (fz, A) has not been used before then

v=v+1
hy = A« (Uy-1,v5,wy)

hl/ﬂ;\u’/ =A- (vﬁv wj\)z,g —Uy—1hy

.m0 = () )

I/ﬂj\
end if
end for
%—— v-loop —%

% Mode 1

for all (7, 5\) such that 7 < v and A < A do
if the pair (7, \) has not been used before then

p=p+l
hy = A~ (ug, V1, wy)

hﬂuﬂvﬂ = .A . (u,;, w;\)173 — Vuflhv

H(,:\) = (hh’” >

D,u/_\

% Mode 2



end if
end for
%—— w-loop —%
for all (7, 1) such that ¥ < v and i < pu do
if the pair (7, 1) has not been used before then
A=A+1
hw = .A . (Up, ’Uﬂ, W)\,l)
hﬂﬁ/\wA =A- (uDa UD)LQ — Wix_1hy

H(v, i) = <hhw > % Mode 3
IZNTIDN
end if
end for
end while

The algorithm has three main loops, and it is maximal in the sense that
in each such loop we generate as many new vectors as can be done, before
proceeding to the next main loop. Consider the u-loop (the other loops
are analogous). The vector h, is a mode-1 vector of dimension v — 1 (we
here refer to the identification (7)). The orthonormalization coefficients are
collected in a tensor H. Each time a new w-vector has been computed,
the dimension of the first mode is increased by one, by filling out with
a zero at the bottom of each 1-mode fibre (except the fibre at position
(fi,\)). Continuing with the v-loop, the dimension of the coefficient tensor
‘H increases in the second mode.

It is clear that H has a zero-nonzero structure that resembles that of a
Hessenberg matrix. In fact matricizing® H in any mode will yield a Hessen-
berg matrix, i.e. the matricizations H®), H® and H®) are all of Hessenberg
form.

If we break the recursion after any complete for all-statement, we can
interpret it as a Krylov factorization.

Theorem 4.1 (Tensor Krylov factorizations). Given the tensor A € R *KxL
and two starting vectors. Assume that by a maximal Krylov procedure we
have generated matrices with orthonormal columns, and a tensor H of or-
thonormalization coefficients. Assume that after a complete u-loop the ma-
trices Uj, Vi, and Wy, and the tensor H;y € RI*kXL " have been generated,
where ] < J, k< K, andl < L. Then

A (Vi, Wl)2,3 = (Uj)1 *Hjki- (11)

3Any tensor can be reshaped to a matrix with suitable dimensions. An m X n X [
tensor A can be reshaped to matrices A € R™*™  A®) ¢ R**™ apnd AG) e RIX™mn,
etc, consider [9, 3, 6, 21] for details.

10



Further, assume that after a complete v-loop the tensor is Hjny € RIxmxt
and the matrices have corresponding dimensions. Then

A (Ui, W)y 3= (Vin)o * Hjmu- (12)
Similarly, with the corresponding assumptions, after a complete w-loop,
A - (Uj, Vm)l,Q = (Whn)s3* Hjmn- (13)

Proof. We prove that (11) holds; the other two equations are analogous.

Using the definition of matrix-tensor multiplication we see that A-(V, I/Vl)273

is a tensor in RI*kx!

A (v, wA)273.
The 1-fibre at position (u, A) of H is equal to

, where the 1-fibre at any position (u,A) is given by

A (ur, v, wy)
A (u2, v, wy)

)

-/4 * (UV—17 vua ’LU)\)
huu)\
0

which shows that (11) is equivalent to the expression for u, in the algorithm.
O

Let U; and V, be two matrices with orthonormal columns that have been
generated by any tensor Krylov method (i.e., not necessarily a maximal one)
with tensor A. Assume that we then generate a sequence of m = jk vectors
(w1, wa, ..., wy) as in the w-loop of the maximal method. From the proof
of Theorem 4.1 we see that we have a tensor-Krylov factorization of the type
(13),

A-(Uj, Vk)l,z = (Wm)3 * Hjkm- (14)

4.3 Krylov Subspaces for Contracted Tensor Products

Recall that in the Golub-Kahan bidiagonalization procedure columns of the
generated matrices Uy, Vy are orthonormal basis vectors for Krylov sub-
spaces for AAT and AT A respectively. In tensor notation those products
may be written as

(A A) | = AAT, (AA) ,=ATA.

For a third order tensor A € R™ ™*! and starting vectors u € R™, v €
R”, w € R! we may consider the matrix Krylov subspaces

Ke((A,A)_, ), (A, A)_, = AD (AT g grmxm
ICk(<-A7 -A>—2 >U)a <A7 A>—2 = A(Q) (A(Q))T e R™ ™
Ke((A, A) 5, w), (ALA) 5 = AB(AB)T ¢ RIX

11



The expressions to the right in each equation are matricized tensors, see
[9, 3, 6, 21]. In this case we reduce a third order tensor to three different
matrices, for which we compute the usual matrix subspaces through the
Lanczos recurrence. This can be done without computing the matrices ex-
plicitly, thus taking advantage of sparsity. The result of such a procedure is
three sets of orthonormal basis vectors for each of the modes of the tensor,
collected in Uj, Vi, W;, say. A low-rank approximation of the tensor can
then be obtained using Lemma 2.1.

5 A Krylov-Schur-like Method

In this section we discuss the use of a tensor-Krylov method to compute
an approximation to the solution of the best low-rank approximation of a
tensor, in the Tucker sense, i.e., the solution of the problem
i - (X,Y,2) - 1
siin A-(X.Y,2) -5, (15)
subject to X' X =I1,Y'Y =1 2"2=1.

The matrices X, Y, and Z are assumed to be rectangular, so that the
solution of (15) gives a low-rank approximation. In [9] we describe a Newton-
Grassmann method for solving (15). This and other similar methods [11] are
designed for small and medium-size problems for dense (non-sparse) tensors,
and cannot be used efficiently for large and sparse problems.

The truncated Higher Order SVD [6] (HOSVD) gives an approximation
of the tensor of the type A ~ (X,Y, Z) - S. It orders the information in the
tensor in the sense that it concentrates the mass of the tensor S close to the
position (1,1, 1), but it does not solve the best approximation problem (15).

5.1 Krylov-Schur Methods for Matrices

Restarted Arnoldi methods are used for the computation of eigenvalues and
eigenvectors of large, sparse matrices® [16, 18]. These methods were fur-
ther developed in [19, 20]; as those algorithms are based on computing a
Schur decomposition of the matrix of orthonormalization coefficients, they
are called Krylov-Schur methods.

In the method of [19] a Krylov-Schur factorization of the form

AU =US +ub", (16)
is computed, where S is triangular. Then the factorization is partitioned
_ S11 Si2 T Ty,
A(Uy Uz) = (Uy Us) 0 S + u(by by); (17)

4For instance, the MATLAB functions eigs and svds are implementations of implicitly
restarted Arnoldi methods.

12



obviously
AUy = U, S11 + ub], (18)

has the same structure as (16). The basic idea of the restarted eigenvalue
algorithm is to compute (17), and make sure that the approximations of
the wanted eigenvalues are in S7;. Then, one truncates the decomposition
and restarts the Krylov sequence from (18). By repeating this procedure,
increasingly more accurate approximations of the wanted eigenvalues are
computed.

An alternative method would be to continue the Krylov sequence un-
til the eigenvalue approximations in S are accurate enough. However, the
restarted approach has the advantage that the column dimension of U re-
mains relatively small, thus keeping the storage requirements low.

5.2 Sketch of a Restarted Krylov Approach for Tensors

Assume that we have computed a low-rank approximation of a tensor
A= (Uj, Vi, W) - S, S € RIXkxL

by a tensor-Krylov method, using either Lemma 2.1 to compute & or a
factorization from Theorem 4.1. Then a best approximation in the sense of

(15) of S, N N
S~ (X,,Y,,2Z)) S,  SeR>HA (19)
is computed, where v < j, p < k, and A < [. Enlarge X,, Y,, and Z,

to orthogonal matrices (as the dimensions of the matrices is small, this
enlargement is cheap),

X:(XV le)) Y:(Y,u Y/})v Z:(Z)\ Z)%)a
and make the change of bases,
A~ (ﬁja‘/}kaﬁ/\l> .S,

where U; = U; X, Vi, = V;Y, and W; = W Z, and § = (XT,YT,27) . S.
Truncate the basis vectors to column dimensions v, u, and A, respectively,
and the tensor S to gtmnc € RVXHXA, Finally, restart the Krylov procedure
from (71,, XA/M, and ﬁA and the tensor §tmnc.

Variations of this refinement and restarting procedure are possible. For
instance, one may use the HOSVD instead of the best approximation (19).

6 Numerical Examples

The purpose of the examples in this section is to make a preliminary inves-
tigation into the usefulness of the concepts proposed. Unfortunately, due to

13



pXq 20 x40 30 x 60 40 x 80

THOSVD 29.6 24.7 21.1
(D,D)_; 33.9 28.8 24.9

K™D oy, v,w) | 39.5 32.8 27.4
K™ (Du, v, w) 35.5 31.5 28.4

Table 1: Relative error (percentage) of three different low rank tensor ap-
proximations for the digit tensor D using four different methods.

time constraints, we have not had access to any large and sparse tensors.
Instead the experiments are made mainly with a relatively small and dense
tensor with data from the classification of handwritten digits, [17].

There are several details in the Krylov procedures that we have not
touched upon earlier in this paper, but which are necessary to deal with in
the actual implementation of the methods. One such algorithmic detail is
concerned with the (common) case when the dimension of one particular
mode is much smaller than those of the other modes. If one applies the
methods as described above then one may have a complete orthogonal matrix
for one mode before the bases of the other modes are good enough in some
sense. One possible choice for generating new vectors in the other modes
is to use the basis vectors of the low-dimensional mode in a cyclic manner.
At this stage, since the purpose of this study is only to make a preliminary
investigation of the methods, we avoid going into too much details here.

6.1 Tensor approximation

We have performed tests using the handwritten digits from the US postal
service database. Digits from the database are formed into a tensor D of
dimensions 400 x 1194 x 10. The first mode of the tensor represents pixels®,
the second mode represents the variation within the different classes and the
third mode represents the different classes. We want to find low dimensional
subspaces U, and V; in the first and second mode, respectively, so that we
obtain a good approximation of the original tensor, i.e.

RA00X1194x10 5 p o~ (17, V)12 F = Dpg,o- (20)

An important difference compared to the presentation in the previous sec-
tions is that here we want to find only two of three matrices. The class
mode of the tensor is not reduced to lower rank, i.e. we are computing a
rank-(p, ¢, 10) approximation of D.

Table 1 shows the relative error, [|D — Dy 4 10|/ D], for four methods
and three different low rank approximations. Given the HOSVD

®Each digit is smoothed and reshaped to a vector.

14



D= (UV,W)-C,

the truncated HOSVD subspaces are given by U, = U(:,1: p) and V;, = V(:
,1:¢q). In the second row of Table 1 the subspaces

Kp((D,D)_; ,up) and Kq((D,D)_,,v0)

are generated using a Lanczos recursion of the symmetric matrices (D, D) _,
and (D,D)_,. These matrices need not to be formed explicitly in order to
obtain the sought subspaces. The starting vectors ug and vy were chosen
as the means of the first and second mode fibers, respectively, of D. The
subspaces in the third row are generated with the minimal, and those in the
last with the maximal Krylov proceduresS.

We observe that the truncated HOSVD gives the best approximation,

but the Krylov methods are not much worse.

6.2 Restarted Krylov Methods

In section 5 we describe a restarted Krylov approach to refine initial sub-
spaces obtained from a tensor Krylov (or other) procedure. Figure 1 illus-

—6— Min Krylov-Schur procedure] —6— Krylov procedure
Truncated HOSVD 0.308 Truncated HOSVD| |

RELATIVE ERROR
o
@
®
RELATIVE ERROR
o
w
<3
S

0.296 (g/e'e'e'%

5 10 15 5 10 15
# OF KRYLOV-SCHUR TYPE ITERATIONS # OF KRYLOV-SCHUR TYPE ITERATIONS
Figure 1: Restarted Krylov methods for tensor approximation. The relative
approximation error is illustrated as a function of the number of restarts.
Left—Minimal Krylov procedure. Right—Maximal Krylov procedure.

trates two experiments, one using the minimal Krylov procedure (left) and
one using the maximal Krylov procedure (right). Given the digit tensor D,
the goal is to generate first and second mode Krylov subspaces Usg and Vyg
so that we get a good approximation

D~ (Uz0,Va0)1 5+ F.

5The procedure in this step involves truncated HOSVD approximation in order to
obtain the specified dimensions of the subspaces.
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The setup of the tests is as follows. Generate ten-dimensional subspaces Ujg
and Vio7. In the minimal Krylov procedure we extend Ujg and Vig to Ugg
and Wgo using the algorithm given in Section 4.1. Then we compute a core
tensor F using Lemma 2.1. Next we compute a low rank approximation of
F by a truncated HOSVD, i.e.

ROX00X10 5 F — (X,Y, Z) - C, (21)
and reduce Ugy and Vgo to subspaces of specified dimensions trough
U20 = U60X(Z, 1: 20), and ‘/210 = ‘/GOY(i, 1: 40)

An alternative to the truncated HOSVD would be to compute the best low
rank-(20, 40, 10) approximation of F. The dimensions of the tensor at this
step are much smaller than the dimensions of the original tensor, therefore
we can afford more expensive algorithms. Then the Krylov procedure is
restarted and the matrices Usg and Vg are extended with 30 new vectors,
using the minimal Krylov procedure, to Usg and V7q, after which a low-rank
approximation is computed, etc. The relative error before each restart is
shown in left part of Figure 1.

The restarted maximal Krylov procedure is similar. Given matrices
Uso and Vy (and orthogonal matrix Wig), the first and second mode sub-
spaces are extended by taking all combinations Viy x W19 — Uygo and
Usg X W9 — Vago using expression similar to (14). Combining the old
and newly generated matrices U = (U Usoo) and V = (Vi Vago) we com-
pute a truncated HOSVD approximation of A« (U,V),,. The orthogonal
matrices from the HOSVD are used to make a change7of basis in U and
V', which are then truncated to dimensions 20 and 40, respectively, and the
procedure is restarted.

In Figure 1 we also indicate the relative error of the HOSVD approxi-
mation of the same dimensions of the tensor. We see that the maximal pro-
cedure quickly gives a better approximation than HOSVD. Unfortunately
the subspaces generated by the restarted maximal Krylov procedure do not
seem to improve after the restarts.

6.3 Consistency of Subspaces

In order to investigate if the subspaces generated with different starting
vectors differ very much, we performed tests on the digit tensor, which is
400 x 1194 x 10 tensor, and random starting vectors. Five pairs of subspaces
were generated with random starting vectors in (both modes). Table 2 sum-
mons the principal angles between subspaces computed with the minimal
Krylov procedure and Table 3 summons the principal angles computed with

"The procedure also involves Wi, but since the third mode dimension of D is equal to
ten we get we cannot extend it further.
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Ug Us Ua Ups | iy Viy) Vig Vs
Uy | 009 011 010 010 0.64 0.70 0.65 0.68 | Vi
Uw) 0.11 0.10 0.72 0.71 0.74 | Vy
Ugs 0.10 0.10 0.68 0.68 | V3,
U 0.12 0.63 | Vi

Table 2: The table shows the mean value of the 10 smallest principal angles
between subspaces generated with different starting vectors. The subspaces
are generated with minimal tensor Krylov procedure. Left—First mode
subspace U. Right—Second mode subspace.

Ug Usg Ua Ups || Viey Visy Vi Vi
Uy | 017 017 018 0.8 | 0.11 0.10 0.11 0.10 | Vy,
Uta) 0.16 0.15 0.18 012 0.09 0.11 |V
U 0.20 0.19 0.11 0.11 | V)
Ul 0.20 0.11 | Vi

Table 3: The table shows the mean value of the 10 smallest principal angles
between subspaces generated with different starting vectors. The subspaces
are generated with mazimal tensor Krylov procedure. Left—First mode
subspace U. Right—Second mode subspace.

the maximal Krylov procedure. No restarts were made. For example, in
the minimal Krylov procedure the mean of the ten smallest principal angles
between subspaces U(y) and U(s) is 0.10 (boxed).

Ideally we wish to obtain subspaces that are close to each other (indi-
cated with small principal angles) regardless the choice of starting vector.
Using the minimal procedure we get small angles when comparing first mode
subspaces. But the second mode subspaces are differing much more, indi-
cating the need to take larger dimensional subspaces or restart the Krylov
procedure. The results from the maximal Krylov procedure are more sat-
isfying due to smaller principal angles between subspaces generated with
different starting vectors.

6.4 Handwritten Digit Classification

In this section we will shortly describe how a low rank tensor approximation
may be used in a context for classifying handwritten digits. For details con-
sider [17]. Given an approximation as in equation (20), which is illustrated
in Figure 2, we want save memory usage and computation by only using
the small core tensor F for constructing the models for the classes. These
savings may be huge, since usually the size of F is a very small fraction
(less than one percent) of the size of D. The models for the different classes
are simply the dominant low dimensional subspaces of the ten class slices
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of F. A unknown digit is classified by first projecting it down to U, and
then determining (by a new projection to the ten class-specific subspaces)
the subspace that gives the smallest residual. The dimension of the class-
specific subspaces are typically very small—usually in the order 5-15.

. ~ Uﬁ V]

Figure 2: Hlustration of low-rank tensor approximation for the digit tensor.
Reduction is made in pixel and digit mode but not in the class mode.

Figure 3 makes a comparison in classification rate when the subspaces U,
and V; in tensor approximation (20) are given by the methods described in
the paper, i.e. truncated HOSVD, minimal and maximal Krylov procedure
and Krylov spaces of contracted tensor products. The classification rate are

Classification with 40 x 80 core (99.33 %)

0.12
: —+— Truncated HOSVD
! i | Krylovl
011 —6— KrylovMax
KrylovCTP
i
T 0.09F
g
(g 0.08f
0.07F
0.06}
0.05

2 4 6 8 10 12 14 16
Number of basis vectors

Figure 3: Misclassification rate for handwritten digits using subspaces gen-
erated with various methods. Tests with 2-16 dimensional subspaces of
F(:y:i), i =1,...,10 are illustrated.

quite similar for all methods suggesting the usefulness of all the methods.

7 Conclusions and Future Work

In this paper we propose several ways in which one may generalize matrix
Krylov methods to tensors. It is demonstrated that some of the matrix
concepts can be generalized, in particular the Krylov factorization, which
can be used for computing a low-rank approximation of a tensor (in the
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Tucker sense). We also propose a generalization of the Krylov-Schur method
for the computation of an approximate best low-rank approximation of a
large and sparse tensor.

Our very preliminary numerical results indicate that the Krylov methods

are useful for low-rank approximation of larger tensor.

As the research on tensor Krylov methods is in a very early stage, there

are numerous questions that need to be answered, and which will be the
subject of our continued research. We have hinted to some in the text; here
we list a few others.

What are the convergence properties?

How to construct a method that gives an intermediate between the
minimal and maximal sequence?

Which variant is more economical in terms of the number of tensor-
vector operations, taking into account the convergence rate?

If one of the modes is of small dimension, so that a complete basis is
quickly computed, how can one modify the recursion so that one can
use the already computed information as efficiently as possible?
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